Performing a faithful transfer of an unknown quantum state is a key challenge for enabling quantum networks. The realization of networks with a small number of quantum links is now actively pursued, which calls for an assessment of different state transfer methods to guide future design decisions. Here, we theoretically investigate quantum state transfer between two distant qubits, each in a cavity, connected by a waveguide, e.g., an optical fiber. We evaluate the achievable success probabilities of state transfer for two different protocols: standard wave packet shaping and adiabatic passage. The main loss sources are transmission losses in the waveguide and absorption losses in the cavities. While special cases studied in the literature indicate that adiabatic passages may be beneficial in this context, it remained an open question under which conditions this is the case and whether their use will be advantageous in practice. We answer these questions by providing a full analysis, showing that state transfer by adiabatic passage -in contrast to wave packet shaping -can mitigate the effects of undesired cavity losses, far beyond the regime of coupling to a single waveguide mode and the regime of lossless waveguides, as was proposed so far. Furthermore, we show that the photon arrival probability is in fact bounded in a trade-off between losses due to nonadiabaticity and due to coupling to off-resonant waveguide modes. We clarify that neither protocol can avoid transmission losses and discuss how the cavity parameters should be chosen to achieve an optimal state transfer.
I. INTRODUCTION
The ability to faithfully transmit an unknown quantum state between remote locations is a key primitive for the development of various quantum technologies. The quest to create long-distance links that can connect multiple nodes into a quantum internet [1] [2] [3] is motivated by applications such as unconditionally secure communication [4, 5] , distributed quantum computing [6] , quantum fingerprinting [7, 8] , quantum credit cards [9] , quantum secret voting [10] , quantum secret sharing [11] , secure quantum cloud computing [12, 13] , quantum time and frequency metrology [14] , and tests of the foundations of quantum physics [15, 16] . Short-distance links acting as 'quantum USB cables', on the other hand, allow the connection of different types of quantum hardware and are a promising approach to scalable quantum computing architectures [17] .
A quantum state transfer can be accomplished probabilistically or deterministically. Probabilistic state transfer protocols use a two-step procedure: First, an entangled state between two network nodes is generated in a probabilistic and heralded fashion [18] [19] [20] [21] [22] . Second, this entangled link is used for transferring a quantum state by teleportation [23] [24] [25] [26] [27] . For deterministic state transfer [28] , a qubit state at one node is mapped onto a photon wave packet, which propagates across the desired distance and is then absorbed by the qubit in the receiving cavity [29, 30] . Deterministic approaches, as discussed here, do not rely on the availability of entangled resource states. Hence, such protocols are particularly well suited for the implementation of time-continuous schemes for quantum information processing [31] [32] [33] and R2. The qubits consist of off-resonantly driven three level systems, where one transition is coupled to the cavity field, while the other is driven externally by a timedependent classical drive with Rabi frequency ΩA,B(t). The classical drive leads to emission of a photon from the qubit into the surrounding cavity. (b) The temporal shape of classical drive for wave packet shaping is designed such that in the absence of losses, the wave packet created in the waveguide by the first qubit is perfectly absorbed by the second qubit. (c) The temporal shape of the applied classical drive for adiabatic passage transfer is given by Gaussian pulses with ΩB(t) in cavity B being turned on before ΩA(t) in cavity A.
also dispense with the photon counters typically required for probabilistic approaches, e.g., [34] .
We are interested in the simple scenario depicted in Fig. 1a , in which two nodes are connected by a waveguide. Each node consists of a qubit placed in a cavity. In this context, relevant to, e.g., atoms, ions, and superconducting circuits coupled by waveguides, we study the task of transmitting quantum information deterministically between the two nodes. We focus on evaluating the performance of two deterministic protocols. First, we consider the standard approach based on wave packet shaping [29] , in which a classical qubit drive, as depicted in Fig.1b , is designed such that the photon emitted by the first qubit is entirely captured by the second qubit, without reflections. The second approach uses the techniques of adiabatic passage to perform a quantum state transfer [35] in the same setup but with classical driving fields in a counterintuitive order, in which the receiving drive is turned on before the emitting drive, as shown in Fig. 1c . While experiments performing state transfer by wave packet shaping have already been carried out [30] , state transfer between remote nodes by adiabatic passage has yet to be realized experimentally.
The central problem for deterministic state transfer protocols is photon loss. Photon losses mainly occur either during transmission in the waveguide or locally in the cavities. Note that even for links spanning hundreds of meters, state-of-the-art cavity setups with mirror absorption losses of only a few parts per million per round-trip nevertheless operate in a 'cavity loss' dominated regime (see Table I ).
In this article, we analyze the limitations and prospects for transferring quantum information in the presence of the aforementioned photon losses, leading to two main results: First, we show that neither wave packet shaping nor adiabatic passage can mitigate waveguide transmission losses. It has been stated in the literature (e.g., in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] ) that waveguide losses can be avoided in the single mode or short-fiber limit [35] , in which the cavities couple effectively only to a single mode of the waveguide. We show that this is incorrect since the photon arrival probability is bounded by a trade-off between losses due to non-adiabaticity and losses due to coupling to off-resonant waveguide modes. Taking this trade-off into account will be important for optimizing the experimental design parameters of future quantum networks.
Second, we derive an analytical solution of the achievable state transfer success probability for adiabatic passages and provide a full numerical analysis. With this analysis, we show that, in contrast to wave packet shaping, quantum state transfer by adiabatic passage can mitigate losses due to absorption in the cavities far beyond the regime of lossless waveguides introduced in the original proposal [35] and the single mode limit introduced in Ref. [46] . We show, however, that the single mode limit imposes far stronger constraints on the parameters of the system than is necessary: in order to mitigate cavity losses it is sufficient to be in the 'long photon limit', in which the effective length of the photon is longer than the distance between the two nodes of the setup. The long photon regime is naturally reached for short transmission links and can be realized for distances up to thousands of kilometers, using slowly varying classical driving fields, by state-of-the-art experiments.
The paper is organized as follows: First, we provide a brief overview of the setup and the main results in Sec. II. In Sec. III we describe the setup and the two quantum state transfer protocols under consideration in detail. In Sec. IV we treat the influence of waveguide losses; Sec. V then also includes the influence of cavity losses. Finally, we discuss further experimental imperfections in Sec. VI and give our conclusion and outlook in Sec. VII.
II. OVERVIEW AND MAIN RESULTS
In the following we provide a brief overview of the setup, the two quantum state transfer protocols considered and the main results. The rest of the paper provides the detailed explanation and derivations of these main results.
Setup: We consider two emitters (matter qubits) placed in distant cavities A and B that are connected by a waveguide (for example, an optical fiber) of length L, as displayed in Fig. 1a and detailed in Sec. III A. We consider the transfer of a quantum state encoded in the ground state levels of the emitters from cavity A to cavity B,
, where a 0 and a 1 are the normalized amplitudes and the indices A and B refer to the qubits in cavities A and B, respectively. The state of the emitter qubit is mapped to flying photonic Fock states such that |0 A → |0 P , |1 A → |1 P (and conversely |0 P → |0 B , |1 P → |1 B ) [47] , where the quantum state with index P refers to the photonic state in both cavity and waveguide. Note that this setting is not limited to the use of photonic Fock states |0 P , |1 P . Quantum information can also be encoded in the light field using polarization qubits (our results apply to specific types of polarization encoded state transfer protocols, as explained in [48] ).
We assume here two identical cavities A and B of length l, with l L. The outer mirrors (M1 and M4 in Fig. 1a) , not coupled to the waveguide, have a reflectivity R 1 . The two inner mirrors (M2 and M3 in Fig. 1a) , adjoined to the waveguide, have a reflectivity R 2 . The cavities are asymmetric with reflectivities R 1 R 2 , such that photons leave predominantly through the inner mirrors. The rate κ cav of this desired photon coupling between waveguide and either cavity is proportional to the transmission T 2 of the interfacing mirrors (M2 and M3).
We consider waveguide losses parameterized by a loss rate γ fib , and cavity losses at a rate γ cav . The latter rate refers to photons leaving through the outer mirrors (M1 and M4) with transmission T 1 (with T 2 T 1 ), and absorption and scattering losses in the mirrors at rate L. The effect of other experimental imperfections such as spontaneous decay of the emitters, timing errors of the classical drive and in-and outcoupling losses due to imperfect coupling of cavity and waveguide will be discussed in Sec. VI.
Classification of the relevant regimes:
We distinguish between two different regimes, the single mode limit and the long photon regime. To this end, we introduce two length scales: L eff refers to the natural spatial length of a photon that got emitted by a cavity (in the absence of an atom). L ph refers to the spatial length of a photon that got emitted by a qubit driven by a classical field mediated by a cavity (see inset in Fig. 1a) . The single mode limit refers to the parameter regime in which the cavity linewidth κ is much smaller than the free spectral range of the waveguide FSR fib = πc f /L (with c f the speed of light in the waveguide) [35] . This regime is characterized by the single mode parameter
see Fig. 3a -b. Note that this condition is equivalent to L L eff (short-fiber limit as in Ref. [46] ), where the natural spatial photon length is defined by L eff = c f /κ. We define the long photon limit through two main conditions. First, the desired coupling rate of the cavity to the waveguide κ cav is assumed to be much larger than the effective coupling of the qubit to the cavity G A/B (defined in Eq. (18) ) such that the cavities' photon population is always much less than one. Under this assumption, the cavity can be eliminated, leading to an effective qubit-waveguide coupling rate γ A/B = κ cav (G A/B /κ) 2 (Sec. III B 1). In analogy to the natural spatial length of the photon L eff as defined above, the length of the photon L ph is defined by L ph = c f /γ A/B . Second, the length of the photon is assumed to be larger than the link, such that L ph L. While L eff is a fixed quantity for a given setup (see Table I for typical values), L ph can be varied via the effective coupling G A/B between qubit and cavity. Current experiments can access the long photon limit by choosing a small amplitude of the effective coupling G A/B and applying the classical driving field for a long exposure time. In particular, they can reach the regime L ph L eff , in which they can operate in the long photon limit but not in the single mode limit for a given fiber length L.
Quantum state transfer by wave packet shaping: The standard protocol for transferring a quantum state deterministically between two cavities is based on wave packet shaping [29, 30, 49] . The main idea behind wave packet shaping is to choose a temporal variation of the classical driving field applied to the atoms in cavities A and B such that in the absence of losses, the photon emitted by the first cavity is perfectly absorbed by the second cavity. This approach avoids the reflection of the photon by the highly reflective mirror M3 of the second cavity due to a quantum interference effect, as studied in [50] [51] [52] . For simplicity and concreteness, we discuss a time-symmetric wave packet emitted by the first qubit [29] due to a classical coupling Ω A (t), which can be reabsorbed by the second qubit under a time-reversed coupling Ω B (t) = Ω A (τ − t). Here τ = L/c f is the time delay between the first and the second coupling; see Fig. 1b and Sec. III B 1. Note that the wave packet is not required to be symmetric: any choice of shaping pulses that avoids the reflection of the wave packet from cavity B yields the limitations discussed below.
Quantum state transfer by adiabatic passage: Adiabatic passage as a protocol to transfer a quantum state between two remote qubits in cavities [35] uses the methods known from STIRAP in atoms [53] within the setup shown in Fig. 1a . The principal idea is to perform a coherent transfer through a dark state with respect to the photon fields. This transfer is accomplished by temporally shaping the intensity of the classical driving fields of both atoms with a Gaussian shape in a counterintuitive order; see Fig. 1c and Sec. III B 2. Importantly, adiabatic passage state transfer has to be performed in the long photon limit.
Limitations of wave packet shaping: We find that, by using the method of wave packet shaping, the maximal success probability F (formally defined in Sec. III A 3) of quantum state transfer is strictly limited by P 1 (below), i.e., F ≤ P 1 ; see Sec. IV and Sec. V. Here, P 1 is given by
and denotes the probability of a photon to propagate through a waveguide of length L
multiplied by the probability of a photon being emitted from the cavity into the desired output mode
and being absorbed by the second cavity P in . Due to symmetry reasons, the probability for a photon to enter the second cavity equals the emitting probability, i.e., P out = P in .
Waveguide losses:
It has been stated [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] that limitations due to waveguide losses can be overcome in the single mode limit. These results are based on a description that takes only a single waveguide mode into account and in which, in analogy to stimulated Raman adiabatic passages (STIRAP), the corresponding success probability of state transfer is given by
as detailed in Appendix B. The effective atom-waveguide coupling is denoted by g 0 (see Sec. IV B) and the pulse width of the driving laser by T (see Sec. III B 2). In the adiabatic limit g 2 0 T /γ fib → ∞ the success probability F STIRAP reaches unity, corresponding to a perfect state transfer. We provide an analytical example that demonstrates why the coupling to far-detuned waveguide modes can in fact not be neglected. As explained in Sec. IV B, including three waveguide modes already leads to nonnegligible effects, even deep in the single mode limit. The corresponding amended success probability of state transfer is given by
revealing a clear trade-off (see Sec. IV B for details).
While the first summand in Eq. (7) recovers the dependency seen in previous work [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] , the second summand in Eq. (7) arises due to the coupling to detuned waveguide modes. As a result, choosing the adiabatic limit as done in previous work is in fact incompatible with obtaining a high success probability of state transfer. Optimizing F fib with respect to g 2 0 T leads to
These results are also shown numerically for an even larger parameter space, taking a large number of waveguide modes into account (see Sec. IV A). We show that, in the absence of cavity losses (P out = 1), the success probability of state transfer is strictly limited by F ≤ P fib .
Cavity losses: In contrast to wave packet shaping, quantum state transfer by adiabatic passage allows one to outperform limitations due to cavity losses imposed by P out . Note that for high-finesse cavities, cavity losses can play a significant role due to the high number of round-trips of the photon. Experimental values of P out for current optical setups are given in Table I . It has already been shown that limitations due to P out can be mitigated for perfect waveguides (γ fib = 0) [35] and in the single mode limit for imperfect waveguides [46] . In this article, we show that quantum state transfer by adiabatic passage can in fact mitigate cavity losses for both γ fib > 0 and well beyond the single mode limit; see Sec. V and Fig. 7 . We find that the parameter regime over which cavity losses can be mitigated is determined by the long photon limit. The figure of merit determining the maximal success probability of state transfer for a given waveguide with length L and loss rate γ fib is the probability of the photon to leave the cavity P out , as demonstrated in Sec. V. Extending the analytics for waveguide losses only, we show that the success probability of state transfer in the presence of both cavity and waveguide losses is given by
with effective cavity decay rateγ cav (see Appendix A). We show (Sec. V A) that the achievable success probability of state transfer by adiabatic passage can be optimized to
where P fib loss = γ fib L/c f (see Appendix A). As a result, we find (Sec. V B and Fig. 7 ) that the success probability of state transfer by adiabatic passage exceeds P 1 , i.e., F AP ≥ P 1 , and thus adiabatic passage allows for better state transfer performance than wave packet shaping, which is limited by P 1 , cf. last two columns of Table I .
For adiabatic passages, the same state transfer success probability can therefore be obtained using a cm-long slowly emitting cavity with a linewidth of tens of kHz or a µm-short fast emitting cavity with a linewidth of tens of MHz, as long as their probabilities P out of emitting the photon into the desired output mode are equal. Experimental values for the state transfer probability F exp AP that can be reached by adiabatic passages are given in Table  I .
III. SETUP AND TRANSFER PROTOCOLS
In this section, we provide a detailed description of the setup (Sec. III A) and the state transfer protocols (Sec. III B) under consideration. In the following, we use the language of optical platforms, considering atoms as matter qubits and an optical fiber as a waveguide. Note that our derivations also apply to other platforms such as, e.g., superconducting qubits.
A. Basic Model
The Hamiltonian of our system consists of two parts: H sys describing the coherent interactions (Sec. III A 1) and H loss describing the couplings to undesired dissipative channels (Sec. III A 2).
Hamiltonian
We model the cavity-fiber-cavity system as three linearly coupled cavities with the field modes being rep-TABLE I. Overview of a selection of current experimental realizations of ions/atoms coupled to cavities. The cavity emission rate into the desired output mode κcav is given by κcav = 2κ − γcav, where κ is the total linewidth of the cavity and γcav is the undesirable cavity loss rate. The latter includes mirror absorption losses L as well as the undesired transmission T1 of photons through the outer mirrors (M1 and M4 in Fig. 1a ). L eff = c f /κ is the natural spatial length of a photon leaking out of a cavity, Pout is the probability that a photon in the cavity is emitted into the desired output mode (into the fiber). For comparison: the transmission probability of a photon through a telecom fiber with absorption of 0.2 dB/km and length of 500 m is P 0.2dB/km,500m fib = 97.7% such that the total transmission probability of the photon is P resented by independent annihilation and creation operators of the corresponding cavity or fiber mode. As explained in Appendix D, we also employed an alternative description for our numerical simulations in which the system is described by the eigenmodes of the cavityfiber-cavity system. Both descriptions yield the same results in the regime of high finesse cavities and for time scales that are long compared to the round-trip time 2τ of a photon. Throughout the main text, we will use the former choice of basis states. The full Hamiltonian for the setup under consideration in Fig. 2 
is given by
The Hamiltonian H cav describes the bare evolution of both cavities A and B and is given by
where the annihilation operator a (b) refers to the cavity mode of cavity A (B). In Eq. (12) we consider only a single cavity resonance for each cavity, with frequency ω 0 for both cavities. The restriction to a single cavity mode is well justified in the limit in which the cavity length is much smaller than the fiber length, l L.
FIG. 2. Quantum network setup for a deterministic state transfer. (a)
The cavities A and B (length l) are coupled by a fiber C (length L). Each cavity contains an atom that is modeled as a three-level system with ground states |0 and |1 and excited state |E . The transition between |0 and |E is coupled to the cavity field with coupling strength g
at-c , while the transition from |1 to |E is driven by an external classical time-dependent field with Rabi frequency Ω A/B (t). Both transitions are coupled off-resonantly with a detuning ∆at. The rate of photon losses in the fiber and in the cavities is given by γ fib and γcav respectively. (b) Coupling scheme: the qubit in cavity A couples with a time-dependent coupling GA(t) = g A at-c ΩA(t)/∆at to the cavity field, which is coupled to the fiber with coupling strength gA. The fiber couples with strength gB to the cavity field in B, which couples to the second atom with a time-dependent coupling strength GB(t) = g B at-c ΩB(t)/∆at. In the regime in which cavities A and B can be eliminated, the effective coupling strength between atom and fiber is given byg A/B (t) (dotted arrows); see Eq. (35) .
The fiber modes are described by the Hamiltonian
where the annihilation operator c n denotes the nth fiber mode with frequency ω n = ω 0 + n · FSR fib . We assume the fiber mode c 0 with frequency ω 0 to be resonant with the cavity modes a and b, which translates into the condition L = m · l with integer m. Note that the fiber can alternatively be modeled by using spatially localized modes, allowing for a more intuitive representation of a travelling photon [67] .
The interaction Hamiltonian H cav-fib is given by the coupling between cavity and fiber modes [35] 
where h.c. is the Hermitian conjugate. The coupling strengths g A and g B of the cavity modes a and b to the fiber modes c n are related to the effective decay rates of the cavities A or B coupled to the fiber given by κ cav = 2πg 2 A/B /FSR fib [68] . For optical implementations, the cavity emission rate κ cav into the desired output mode is given by κ cav ≡ c|t| 2 /(2l) [46] . Therefore, the coupling strengths between cavity and fiber modes are given by
where |t| 2 = T 2 is the transmission coefficient of the identical inner mirrors (M2 and M3 in Fig. 1 ) and c f = 2c/3 is the speed of light in the fiber. Note that the coupling g A/B is equally strong for all fiber modes. The phase factor (−1) n in Eq. (14) introduces alternating signs for the coupling to even or odd modes in the fiber. As illustrated in Fig. 3c , even and odd fiber modes correspond to wave functions with an even or odd number of nodes in the intensity profile.
FIG. 3. Cavity and fiber properties. (a) Spectra of cavity B
(magenta) and the fiber (blue) in the multimode limit. Here, the cavity linewidth 2κ is much larger than the free spectral range of the fiber FSR fib . (b) Spectra for cavity and fiber in the single mode limit. The cavity linewidth 2κ is smaller than the free spectral range of the fiber FSR fib and therefore the cavity effectively couples to only a single fiber mode. (c) Even and odd fiber modes correspond to modes with an even or odd number of maxima in the intensity profile.
Each atom is modeled as a three-level system with degenerate ground states |0 and |1 of equal energy and an excited state |E with energy ω E with respect to the ground states (see Fig. 2 ). The bare atomic Hamiltonian is hence given by
The transition between the atomic ground state |0 and the excited state |E is coupled to the cavity field a (b) in cavity A (B) with coupling strength g at-c depends on the mode volume of the cavity and on the position and dipole moment of the atom [69] . In order to avoid populating the excited state |E , which suffers from spontaneous emission at rate Γ, the classical drive and cavity are strongly detuned from the atomic transition, i.e., |∆ at | = ω L −ω E Γ such that photon loss due to atomic decay is strongly suppressed. The effect of spontaneous emission is discussed in Sec. VI. Due to the strongly detuned laser drive, the excited state |E can be eliminated such that the effective atom-cavity interaction Hamiltonian [29] is given by
where σ
is the raising (lowering) operator for the qubit in cavity A/B. The effective atom-cavity coupling is given by
After the excited state |E is eliminated, the bare atomic Hamiltonian H at in Eq. (16) vanishes. Note that eliminating the excited state |E also results in effective Stark shifts for both ground states |0 and |1 , which however can be compensated; see Ref. [35] . The full Hamiltonian given in Eq. (11) can be expressed in an interaction picture with respect to
Dissipation
Here, we discuss the two main sources of imperfection in deterministic state transfer: fiber and cavity losses. The influence of other imperfections will be discussed in Sec. VI.
The loss Hamiltonian is given by H loss = V cav,a + V cav,b + n V fib,n . To model losses in the fiber, we consider each fiber mode to couple in a Markovian way to a bath of bosonic modes with annihilation (creation) operatorsc ω,n (c † ω,n ) described by the Hamiltonian
The fiber loss rate γ fib = αc f , where α is the absorption coefficient in the fiber [46] . The absorption coefficient α is defined by the fraction absorbed inside a fiber of length L exp(−αL) = 10
where X is the attenuation coefficient of the fiber in decibels per kilometer. For telecom wavelength fibers, a typical attenuation is 0.2 dB/km, yielding a fiber loss rate of γ 0.2dB/km fib /2π = 1.5 kHz, and for optical wavelengths, a typical attenuation is 3 dB/km, with rate γ 3dB/km fib /2π = 22 kHz. Note that frequency conversion from optical to telecom wavelengths has been achieved with efficiencies up to 80%, e.g., [70] . The probability of a photon to propagate through a fiber of length L is given by P fib , as defined in Eq. (4) . Equivalently, we model cavity losses by considering each cavity A and B to decay to free space, with the interaction given by the coupling of cavity modes a and b to a frequency bath with annihilation (creation) oper-
Here, cavity losses at rate γ cav include the losses through the outer mirrors (M1 and M4 in Fig. 1a ) with transmission T 1 as well as absorption losses L in the cavities. The total linewidth of the cavity 2κ consists of the rate of coupling into the fiber κ cav as well as the total loss rate γ cav such that
where γ cav contains both transmission and absorption losses:
In Table I we summarize the cavity losses of a selection of experiments. The probability of a photon to be emitted into the desired output mode P out as defined in Eq. (5) can be rephrased as
which is equivalent to the probability P in of the photon being absorbed by the (second) cavity.
Accordingly, we expect the total success probability of a photon transfer between two cavities through a fiber to be limited by
cf. Ref. [46] . We use this limit P 1 later in Sec. IV and Sec. V as a benchmark for the success probability of state transfer.
Equations of Motion
As we are interested in performing a quantum state transfer, we solve the dynamics of the full system according to the Hamiltonian in Eq. (19) , taking into account the loss mechanisms described in Eqs. (20), (22) and (23) using a single-excitation Wigner Weisskopf ansatz. The wave function of the full model in this single excitation ansatz is given by
where |1 A/B denotes the state of system with the excitation in the atom in cavity A/B with amplitude c A/B , |a/b the state with the excitation in the cavity A/B with amplitude c a/b and |c n the state with the excitation in the nth fiber mode with amplitude c cn . The sixth and seventh term in Eq. (27) describe the baths associated with the cavity and fiber losses as modeled in the previous section, where |vac is the vacuum state of light field and cx ω are the amplitudes of the baths x ∈ (a, b, c n ). Lastly, the amplitude c vac denotes the state of the system without an excitation, i.e., |vac corresponds to the state in which both atoms are in the ground state |0 A/B , while the cavities and the fiber are empty. Starting from the Schrödinger equation i | Ψ = (H sys + H loss )|Ψ , we obtain the time evolution of the amplitudes of the system
where the amplitudes of the lossy channels have been intregrated out [71] . Finally, we solve Eq. (28) for the initial state |Ψ(t = 0) = |1 A to obtain the success probability of the state transfer, which we define as the probability
This probability provides a measure for a successful transmission of the photonic excitation through the setup. The error 1 − F denotes the probability to emit a photon into an undesired channelã ω ,b ω orc ω,n . Fig. 2b illustrates the coupling scheme corresponding to Eq. (28).
B. Quantum State Transfer Protocols
Wave Packet Shaping
As explained in Sec. II, one possibility to realize quantum state transfer by wave packet shaping is to produce a time-symmetric photon wave packet inside the fiber by the first combined atom-cavity system such that the back reflection of the wave packet at the inner mirror of the second cavity (M3 in Fig. 2 ) is prevented [29] .
For the time-symmetric wave packet shaping we consider here, it is essential to use a temporal profile for the classical drive of the first atom that produces a time-symmetric wave packet in the fiber. The classical drive for the second atom is then given by the timereversed temporal profile with time delay τ = L/c f . We consider the regime in which the maximal coupling between atom and cavity
at-c Ω max A/B /∆ at is much smaller than the cavity decay rate κ (and equal for both cavities). In this regime, we can effectively eliminate the cavity, which results in an effective coupling rate between the atoms and the fiber modes given by γ A/B (t) = κ cav (G A/B (t)/κ) 2 [72] . In this case, a possible classical drive sequence for the atom-fiber coupling rate γ A/B is given by Ref. [49] 
where the maximal atom-fiber coupling rate is given by
This drive sequence generates a time-symmetric wave packet with exponential shape and of length L ph . Experimentally, the relevant parameter to vary the coupling rate is given by the classical laser drive Ω A/B (t), as shown in Fig. 1b . This classical drive relates to the effective atom-fiber drive sequence γ A/B (t) in Eq. (30) through the expression
Note that the wave packet shaping approach works for both limits, the long photon limit (L ph > L) and also the limit of short wave packets with L ph < L.
Adiabatic Passage
The general idea of performing quantum state transfer by adiabatic passage is to use the methods known from STIRAP [53] for atoms to perform a coherent transfer by using a dark state with respect to the photon fields [35, 46] .
The time-dependent coupling of the atoms to the cavity modes G A/B (t) in Eq. (19) is varied via the classical laser drive Ω A/B (t) of the atoms. The classical laser drive of both atoms realizes a counterintuitive pulse sequence [73] , in which the classical field in the receiving cavity B is switched on before the driving field of the sending cavity A:
We choose the temporal profiles of both pulses to be Gaussian functions of equal maximal strength Ω max = Ω
with a retardation τ spl between them
where T is the pulse width, cf. Fig. 1c . In general, the temporal separation of the pulses τ spl is on the order of the pulse width [73] , such that we introduce the relative temporal separation x spl = τ spl /T . Performing a quantum state transfer by adiabatic passage requires the optimization of three parameters: the coupling strength G at-c . In contrast to wave packet shaping, quantum state transfer by adiabatic passage only works in the long photon limit. The reason lies in the mechanism of adiabatic passage, for which a standing wave of the photon field is required to perform the transfer.
IV. FIBER LOSSES
In this section, we evaluate and discuss the influence of fiber losses on the achievable quantum state transfer success probability by means of a numerical analysis (Sec. IV A) and an analytical example (Sec. IV B). The effect of cavity losses will be addressed later in Sec. V.
A. Numerical Treatment
We numerically study a wide parameter range, including the concrete regime (single mode limit) that has been identified in the literature [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] as the regime in which limitations F < P 1 can be overcome (see Sec. IV B and Appendix B). As a result, we find that even deep in the single mode limit, the success probability of the state transfer is always limited by P 1 (which is equal to P fib for γ cav = 0). This result holds for both state transfer methods. Fig. 4 provides an example of the state transfer success probability F , defined in Eq. (29) , as a function of the fiber length L based on the experimental parameters in Ref. [55] for γ cav = 0 (the effect of cavity losses will be included in Sec. V below). In this example, the identical cavities A and B have a length of l = 0.02 m and an inner mirror (M2 & M3 in Fig. 1 ) with transmissivity of |t| 2 = 13 ppm. We consider two fibers with different loss rates γ fib : first, absorption losses of 0.2 dB/km corresponding to fibers at telecom wavelengths and second, absorption losses of 3 dB/km corresponding to optical wavelengths.
FIG. 4.
State transfer success probability F for two fiber absorption coefficients 0.2 dB/km (blue) and 3 dB/km (green) with γcav = 0 as a function of the fiber length L: the numerical results for an adiabatic state transfer (AP, filled circles and squares) coincide with those for a state transfer via wave packet shaping (SH, tilted crosses and crosses). The numerical results agree with the state transfer limit P1 given by Eq. (26) in the main text (solid and dashed line). The considered cavity has a length of l = 0.02 m and a transmissivity of T2 = |t| 2 = 13 ppm.
In addition, in Fig. 4 we compare both state transfer methods. For every simulation, we ensure that we consider sufficiently many fiber modes in Eq. (19) that our results converge with respect to the number of fiber modes included.
For wave packet shaping, the state transfer success probability is optimized in the regime κ cav G max , in which the cavity can be eliminated [74] . In the case of adiabatic passage, every plot point in Fig. 4 is optimized with respect to the pulse length T , the relative temporal separation of the pulses x spl and the pulse area Ω max T . In particular, the optimized values for adiabatic passage lie in the same regime as those for wave packet shaping, i.e., κ cav G max , in which the cavity is barely populated. In order to reach high success probabilities, the pulse area must be large (Ω 2 max T 1), and due to the necessity of a weak coupling G max , this is achieved for long pulse durations T . The pulse length is varied in the range T = (10 . . . 1000)/κ cav , which translates for the chosen parameters into pulse lengths of T ∝ 10 −3 − 10 −5 s. The relative separation of the pulses and the coupling strength ratio are optimized in the ranges x spl = (0.8 . . . 2.1) and Ω max /∆ at = (0.0001 . . . 0.1). As a benchmark for the state transfer we plot the expected survival probability P 1 of a photon through a lossy fiber as given in Eq. (26) .
We find that the numerically optimized success probability for both state transfer methods and both fiber absorption losses is in excellent agreement with the limit given by P 1 (see Fig. 4 ). For wave packet shaping, this agreement seems natural because, in the optimal case, the photon only passes through the fiber once. In the case of adiabatic passages, the agreement implies that the state transfer success probability is limited by P 1 and therefore fiber losses cannot be overcome. Note that the numerical results shown in Fig. 4 are obtained for a parameter set deep in the single mode limit (see Fig. 3 ), for which the single mode parameter n (defined in Eq. (2)) for L = 1000 m is n = 0.31. Numerical results were however also derived for different parameter sets (|t| 2 , | | 2 , l) beyond the single mode limit. We find that for all regimes the quantum state transfer is strictly limited by P 1 .
B. Analytical Example
It has been stated in the literature [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] that the Hamiltonian in Eq. (19) can be simplified in the single mode limit by neglecting all fiber modes but the resonant mode c 0 . This argument is based on the weak coupling assumption g A/B
FSR fib , under which the fiber modes n n =0 are far detuned from the cavities. However, as we show below, these off-resonant contributions integrated over long times lead to non-negligible effects.
As detailed in Appendix B, the simplified Hamiltonian that includes only a single fiber mode as used in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] leads, in complete analogy to STIRAP in a three-level atomic system, to a success probability of state transfer by adiabatic passage that reaches unity in the adiabatic limit g 2 0 T /γ fib → ∞,
where g 0 denotes the maximal coupling of atom and fiber.
In the following, we give an illustrative analytical example that points out a crucial difference between adiabatic passages in atoms compared to adiabatic passage state transfer in a fiber.
We consider the regime in which the decay of the cavity κ is much larger than the atom-cavity coupling G A/B . We focus here on fiber losses and assume therefore γ cav = 0 throughout this section. In this regime, we can adiabatically eliminate the cavity and obtain an effectively coupled atom-fiber-atom system; see Fig. 5a . In Appendix C we discuss the very similar case of a purely photonic model in which the state of the atom is mapped rapidly onto the cavity, followed by a state transfer in the coupled cavity-fiber-cavity system. A full description of the problem would include all fiber modes c n with n ∈ (−∞, +∞). However, the importance of going beyond the single mode description (Appendix B), even in the regime in which g A/B
FSR fib and n 1, is well illustrated by including the first pair of far detuned fiber modes c ±1 in our analytical derivation of the success probability of the adiabatic state transfer. The equations of motion for the wave function can be derived from Eq. (28) by eliminating the cavity modes. We consider here three fiber modes such that the atomfiber-atom system is described bẏ
whereg A/B (t) = g A/B (G A/B (t)/κ) is the effective atomto-fiber coupling strength (see Fig. 2b ). The level scheme analogue for this specific example is given in Fig. 5a . As introduced in Sec. III A even and odd modes (Fig. 3c ) couple in Eq. (35) with a different sign to the cavity B due to the factor (−1) n in Eq. (19) . This sign is the crucial difference with respect to STIRAP in atoms. In atoms, where all excited states couple with the same strength and phase to the ground states, there exists a dark state with respect to the whole manifold of excited states. In our case, however, due to the alternating sign of the coupling in Eq. (19) , it is impossible to find a dark state with respect to the whole manifold of excited states because a superposition state that is dark with respect to the even modes couples to the odd modes and vice versa [46] . It is thus apparent that some fiber modes (even or odd) have to be populated during the state transfer, and that consequently losses due to absorption in the fiber are unavoidable and affect the success probability of the transfer.
We consider here the particular case in which the temporal profiles of the classical driving fields in cavities A and B are given by a sine and a cosine function respectively (see Appendix A for details). This specific choice allows us to derive a simple analytical expression for the state transfer success probability F as defined in Eq. (29) . To this end, we adiabatically eliminate the far detuned modes c ±1 in Eq. (35) (Fig. 5b) , resulting in
where the maximal values of the coupling strengths g A/B (t) are chosen to be equal:
The first summand in Eq. (36) yields the result as obtained from STIRAP and hence the naively truncated Hamiltonian (cf. Eq. (34) and Appendix B), resulting in a success probability of unity in the limit g 2 0 T γ fib . However, the second summand, which is due to the presence of the far detuned fiber modes c ±1 , compensates for this effect. More specifically, increasing g 2 0 T also increases the effect of the effective decay terms on the qubit ground states. Due to this trade-off, there is an optimal value g 2 0 T = FSR fib which balances the effects of non-adiabaticity (first summand) and the effects due to the coupling to the off-resonant fiber modes (second summand), leading to (37) which coincides with the transmission probability P fib of a photon through a fiber of length L. This result also agrees with our numerical simulations in Sec. IV A.
V. CAVITY LOSSES
In this section, we show that in contrast to the restrictions due to fiber losses, the problem of cavity losses, which limits wave packet shaping, can be overcome to a significant extent in current experimental settings by using adiabatic passages. We derive an approximate analytical solution for the state transfer success probability that can be achieved by performing adiabatic state transfers (Sec. V A) and provide a numerical analysis for both methods (Sec. V B).
A. Approximate Analytical Treatment for Adiabatic State Transfers
In the following, we extend the analytical example provided in Sec. IV B, which models a quantum state transfer by adiabatic passage for γ cav = 0, to cover the effect of both cavity and fiber losses. To this end, we adiabatically eliminate the cavity modes in Eq. (28) in the limit κ G A/B . As in the previous section, we only include the fiber mode resonant with the cavity c 0 and the first pair of detuned fiber modes c ± . The resulting equations of motion describe the interaction between the qubits and the fiber modes with an effective coupling strength g A/B (t) = g A/B (G A/B (t)/κ) as shown in Fig. 2b and are given by Eq. (35), with the first and last equation modified tȯ
In this description, cavity losses lead to an effective decay that acts on the qubits with rateγ
2 . Using these equations of motion, and assuming classical driving fields of sine-and cosine shape (see Sec. IV B and Appendix A), the initially complex problem involving time-dependent couplings and decay rates can be cast into a simpler form. This simplified description allows us to derive an approximate solution of the success probability of state transfer by adiabatic passage. As detailed in Appendix A, this solution takes the form
By using the definitions ofγ cav and g 0 given above along with Eq. (15), we can optimize Eq. (39) with respect to the pulse length T , resulting in
We find that this analytical expression agrees well with the full numerical simulation of the achievable state transfer success probability presented in the following Sec. V B (see Fig. 7 and Fig. 8 ). Note that in the case of vanishing cavity losses (γ cav = 0, i.e., P out = 1), Eq. (40) reduces to Eq. (37). In Fig. 6 we display the maximal length L max for which the state transfer success probability achievable by adiabatic passage F AP given by Eq. (40) surpasses the state transfer success probability achievable by wave packet shaping P 1 given by Eq. (26) by more than 5%, i.e., F AP (L max ) = P 1 + 0.05, as a function of P out . We plot the results for the maximal length L max for two different fiber attenuation coefficients, 0.2 dB/km and 3 dB/km.
FIG. 6. Fiber length
Lmax up to which the adiabatic state transfer success probability FAP given in Eq. (40) exceeds the state transfer success probability achievable by wave packet shaping P1 by more than 5%. Lmax is shown as a function of the photon outcoupling probability Pout given in Eq. (5) for two fiber attenuation coefficients, 0.2 dB/km (magenta) and 3 dB/km (purple).
B. Numerical Treatment
In the ideal case in which fiber losses are absent, adiabatic passages allow one to bypass cavity losses completely [35] and to achieve a state transfer success probability F = 1 in the absence of other imperfections. In the following, we numerically study the achievable quantum state transfer success probability under more realistic conditions by increasing gradually the relative weight of fiber losses to the overall photon loss rate (atomic losses and other imperfections will be included in Sec. VI). To this end, we take the full photonic mode structure into account and consider the following regimes: cavity loss dominated (γ cav γ fib ), equal losses (γ fib ∼ γ cav ) and fiber loss dominated (γ fib γ cav ). For comparison, we also include the extremal regime in which the fiber losses are absent (γ fib = 0).
We find that in all parameter regimes, improvements of the state transfer success probability F , as defined in Eq. (29), with respect to the limit P 1 are possible for adiabatic passages in accordance with Eq. (40) . The success probability of state transfer by wave packet shaping, however, is limited by P 1 in all regimes, i.e., F P 1 . Below, we illustrate this result with numerical simulations for a mirror transmission of the inner mirrors (M2 and M3 in Fig. 1 ) of |t| 2 = 13 ppm and a cavity length of l = 0.02 m as in Ref. [55] . In addition, we compare the numerical results to the analytical estimate F AP for the state transfer success probability by adiabatic passage, as defined in Eq. (40) in Sec. V A. The cavity decay rate γ cav depends on the loss coefficient | | 2 as defined in Eq. (24) . The optimization for both methods is equivalent to the one described in Sec. IV A.
Cavity loss dominated regime (γ cav γ fib ): For most current optical realizations (see Table I ) the cavity loss dominated regime is the relevant regime. In Fig. 7b we depict the state transfer success probability F as a function of the fiber length L for both state transfer methods. We consider here a cavity loss coefficient of | | 2 = 5 ppm (per round-trip) resulting in a loss rate of γ cav /2π = 6 kHz and a fiber attenuation coefficient of 0.2 dB/km, i.e., γ 0.2dB/km fib /2π = 1.5 kHz. Fig. 7b shows how the success probability for a state transfer by adiabatic passage (filled circles) surpasses the limit P 1 .
Equal loss regime (γ fib ∼ γ cav ): In this regime fiber and cavity losses are approximately balanced. In Fig. 7c we depict the success probability F as a function of the fiber length L for both state transfer methods. To approximately balance both rates, we choose a cavity loss coefficient of | | 2 = 2 ppm, which corresponds to γ cav /2π = 2.4kHz, and a fiber attenuation coefficient of 0.2 dB/km, i.e., γ 0.2dB/km fib /2π = 1.5kHz. As shown in Fig. 7c , the adiabatic passage state transfer (filled circles) once again surpasses the limit P 1 (solid line). In the limit of long fiber lengths (not shown here), the state transfer success probability F converges to the limit P 1 .
Fiber loss dominated regime (γ fib γ cav ): In this regime fiber losses dominate over cavity losses. In Fig. 7d we depict the success probability F as a function of the fiber length L for both state transfer methods. Here we choose a cavity loss coefficient of | | 2 = 2 ppm, which corresponds to a loss rate of γ cav /2π = 2.4 kHz, and a fiber attenuation coefficient of 3 dB/km with a corresponding loss rate of γ 3dB/km fib /2π = 22 kHz. Fig. 7d shows that the success probability of state transfer by adiabatic passage (filled circles) continues to exceed the limit P 1 (solid line) for smaller distances, while in the limit of longer fibers, the success probability converges to P 1 . This behavior can also be seen in Fig. 6 , in which the maximal fiber length until which adiabatic passage exceeds the limit P 1 by at least 5% is displayed.
Each of the plots in Fig. 7 has been obtained for a specific parameter set (|t| 2 , | | 2 , l). However, our numerical results show that the achievable quantum state transfer success probability for a given fiber length L and fiber loss rate γ fib is solely determined by the outcoupling probability
, in accordance with the analytical solution given by Eq. (40) . For a given value of γ fib , each of the plots in Fig. 7 corresponds therefore to a whole class of parameter sets (|t| 2 , | | 2 , l) that is characterized by the initial drop of the success probability to P 1 at length L = 0 given by P 2 out , cf. Eq. (26) . For illustration, Fig. 8 displays the achievable state transfer success probability for a cavity length l 1 = 2 cm and for mirror transmission and loss coefficients |t| 2 = 5 ppm and | | 2 = 2 ppm, resulting in P 2 out ≈ 51%. The same plot is also obtained for a much shorter cavity of length l 2 = 0.5 mm with equal transmission and loss coefficients |t| 2 = 5 ppm and | | 2 = 2 ppm (and therefore equal P 2 out ≈ 51%). Even though the cavities of lengths l 1 and l 2 have very different cavity decay rates of κ cav,1 /2π ≈ 6 kHz and κ cav,2 /2π ≈ 240 kHz, and despite the very different single mode parameters n 1 = 0.17 1 and n 2 = 6.7 for the maximally considered fiber length of L = 1000 m, the numerical solution of the state transfer success probability for both cavities result in the same plot depicted in Fig. 8 .
Summarizing, we find that the single mode parameter is not a relevant figure of merit. The relevant regime for performing quantum state transfer by adiabatic passage goes beyond the single mode limit and is given by the (more general) long photon limit L ≤ L ph , in which the length of the photon is at least on the order of the fiber length. In the ideal case of a lossless fiber, increasing the FIG. 8. The state transfer success probability F that can be achieved by adiabatic passages is shown for two different fiber attenuation coefficients: 0.2 dB/km (blue circles) and 3 dB/km (green squares). These numerical results are compared to P1 given in Eq. (26), which marks the maximum state transfer success probability that can be achieved with wave packet shaping (solid blue line: 0.2 dB/km, dasheddotted green line: 3 dB/km). In addition, the results are also compared to the analytical expression FAP in Eq. (40) of the state transfer probability by adiabatic passage (dashed blue line: 0.2 dB/km, small dashed-dotted green line: 3 dB/km). The transmission and loss coefficients are |t| 2 = 5 ppm and | | 2 = 2 ppm for both fiber attenuation coefficients. The cavity length is given by l1 = 2 cm.
photon length (which is equivalent to a slower driving of the classical fields) leads to improved state transfer success probabilities. In the presence of fiber losses however, a trade-off exists between preventing cavity losses by slowly driving the classical fields on the one hand and avoiding fiber losses through multiple reflections of the photons in the fiber on the other, as described by Eq. (39).
VI. ROBUSTNESS
In the following, we discuss the influence of atomic decay (Sec. VI A) and other imperfections (Sec. VI B) on the achievable quantum state transfer success probability.
A. Atomic Decay
The role of atomic decay depends on the specific setup under consideration as the spontaneous decay rate Γ varies for different atom and ion species. The presence of atomic losses leads to a modification of the first and last equation of motion in Eq. (28),
where the effective decay rateΓ A/B (t) = Γ(Ω A/B (t)/∆ at ) 2 results from the elimination of the excited state |E of the atom in Fig. 2 , with Γ the spontaneous emission rate of the excited state.
The probability of a photon to be emitted from the cavity into the desired output mode is altered accordingly in the presence of atomic losses,
where Γ des A/B is the (desired) rate of photons leaving the cavity into the fiber
and the (undesired) rate of photon loss due to atomic decay or due to cavity losses is Γ
2 . The probabilityP out in Eq. (42) can be simplified toP
where we define the cooperativity of the system as
Note that the optimal efficiency for transferring the quantum state stored in the emitter to a photon in the desired output channel (or vice versa) is given by C/(1/4 + C) independent of the retrieval (storage) technique [50] . Hence, the expected limit for transferring a photon when considering cavity, fiber and atomic losses leads to a modified version of Eq. (26),
In Fig. 9 , we show the state transfer success probability F , as defined in Eq. (29) , in the presence of atomic losses for both adiabatic passage and wave packet shaping. As a concrete example, we use here the parameters considered in Fig. 7c, i. e., |t| 2 = 13 ppm, l = 0.02 m, | | 2 = 2 ppm and a fiber absorption coefficient of 0.2 dB/km. Fig. 9a displays the state transfer success probability as a function of the fiber length for a cooperativity of C = 27. Experiments for single atoms reach cooperativities of, e.g., C = 82 [75] and C = 11 [59] . For experiments with atomic ensembles in cavities, the cooperativity C N = N C is enhanced by using a large number of atoms N [50] . Hence, high cooperativities can be reached, e.g., C N = 73 [76] . The results in this work apply also to this case. As shown in Fig. 9a , the state transfer by wave packet shaping is limited byP 1 , while adiabatic passages provide an advantage also in the presence of atomic losses (see Fig. 7c for the corresponding state transfer success probability for Γ = 0). Fig. 9b shows how the state transfer success probability of both methods improves with increasing cooperativity. More specifically, this plot displays the achievable state transfer success probability for very short distances (evaluated at L = 10 m, which corresponds to the first point/cross in Fig. 9a ). While state transfer by wave packet shaping is always limited byP 1 , adiabatic passages surpass this bound with a gain in success probability F −P 1 that increases with increasing cooperativity C.
B. Other Imperfections
In the following we address in-and outcoupling losses of the fiber and timing errors of the adiabatic passage.
In-/outcoupling losses: In-and outcoupling losses refer to imperfect coupling of the light field between the cavities and the fiber. These imperfections can be included into our model in the fiber loss rate γ fib . For optical cavities, optimized efficiencies for coupling in or out of a single-mode fiber can exceed 90% [57] . For fiber-integrated cavity systems, there is an additional multiplicative factor due to imperfect overlap between the fiber and the cavity modes. This mode overlap may be as high as 90% [57] but drops off for longer cavities [56] .
Timing errors: State transfer by adiabatic passage depends on optimizing the temporal separation of the two pulses. In Fig. 10 we depict as an example the success probability of a state transfer by adiabatic passage as a function of the relative temporal separation x spl of the two Gaussian pulses (see Sec. III B 2). Here we use the same parameters as considered for Fig. 7 , i.e., a mirror transmission |t| 2 = 13 ppm and cavity length l = 0.02 m. Additionally, we choose a fixed fiber length of L = 400 m and optimize the pulse width T and the atom-cavity coupling G A/B accordingly. We vary the mirror losses | | 2 from 0 ppm (black, solid line) to 10 ppm (green, blue) for the two different fiber attenuations, 0.2 dB/km (circles) and 3 dB/km (triangles).
The resulting moderate increase of the timing sensitivity with increasing losses is shown in Fig. 10 .
VII. CONCLUSIONS AND OUTLOOK
We have investigated deterministic quantum state transfer between remote qubits in cavities by studying the standard method of wave packet shaping and the use of adiabatic passages. We have provided an analysis for both methods beyond the single mode limit, taking the full photonic mode structure into account. This analysis has allowed us to assess the potential and limitations of these approaches for future developments of quantum networks. We have also discussed the role of the relevant cavity parameters in view of experimental-design decisions.
In particular, we have clarified that fiber transmission losses cannot be overcome using either of the two methods, and we have shown that cavity losses can be mitigated in a far greater parameter regime than previously known.
We note that the model considered is very general and not limited to optical setups and that the results can be used to evaluate the achievable performance of other experimental platforms such as superconducting qubits in microwave resonators [77, 78] or solid-state systems such as color centers or quantum dots coupled to photonic crystal nanocavities [79] [80] [81] [82] [83] .
Our results apply to quantum networks on both short and long length scales. Relating to the latter, we have shown for links up to 1000 m that adiabatic passages can substantially improve the state transfer success probability for current experimental setups by overcoming limitations due to photon losses in the cavities. Regarding photon losses during the transmission, future networking implementations can in addition resort to quantum error correction techniques that rely on the transmission of multi-photon states and allow for the deterministic detection and correction of loss errors [68, [84] [85] [86] [87] .
In future work, it would be interesting to study the application of adiabatic passages to enable time-continuous protocols [31] [32] [33] 88] . Moreover, it will be useful to compare the potential and application range of adiabatic passages to other deterministic quantum state transfer methods such as dissipative schemes [89] , approaches to mitigate cavity losses using quantum error correcting codes [84, 85] and combinations of deterministic and heralded state transfer techniques. In the following, we derive the success probability F AP of state transfer by adiabatic passage in Eqs. (10) and (40) in the presence of cavity and fiber losses by means of an analytical model. The analytical example in Sec. IV B corresponds to the special case of vanishing cavity losses, γ cav = 0.
By adiabatically eliminating the cavity modes in the equations of motion for the full system given by Eqs. (28) under the condition κ G A/B , we obtain an effective atom-fiber-atom model (cf. Fig. 5a for the case γ cav = 0). In this description, the qubits in cavities A and B are coupled to the fiber modes with an effective timedependent coupling strengthg A/B (t) = g A/B (G A/B /κ) and are subject to an effective time-dependent decay that acts with a rateγ
2 . The equations of motion for the two qubits, the resonant fiber mode c 0 and the first pair of detuned fiber modes c ±1 are given byċ
We proceed by adiabatically eliminating the dynamics of the off-resonant fiber modes c ±1 , which evolve on a much faster time scale than the other modes for γ fib /4+δ 2 . The resulting effective three mode system (atom-fiber-atom) is depicted in Fig. 5b and described by
Note that the couplings to the fiber modes c + and c − lead to Stark shifts (∼
fib /4+δ 2 ) on the ground states with equal magnitude and opposite sign, which cancel. The same is true for the coherent couplings between the ground states that result from the coupling to these fiber modes (∼ iδg AgB γ 2 fib /4+δ 2 ). Furthermore, the off-diagonal corner entries of the matrix in Eq. (A1) have different signs with respect to the diagonal corner entries due to the alternating sign of the coupling to cavity B as discussed in the main text, cf. Eq. (14) .
The Hamiltonian represented by the matrix in Eq. (A1) can be split into two parts: a coherent part corresponding to the Hamiltonian
which involves only the two qubits and the resonant fiber mode c 0 (as discussed in detail in Appendix B), and a dissipative part, which will be labelled H diss . With this Eq. (A1) becomes: i ċ = [H coh +H diss ]c, where c denotes the vector c = (c A , c 0 , c B ). In the absence of losses (i.e., γ fib = γ cav = 0), the dissipate part H diss vanishes and the adiabatic instantaneous eigenstates are given by the ones of H coh , i.e., |± and |D as defined in Eqs. (B1)-(B2) .
We transform the Hamiltonian into the basis of the adiabatic states |± , |D with amplitudes a ± and a D (see [90] ) and proceed by choosing the coupling functionsg A = g 0 sin(t/T ) andg B = g 0 cos(t/T ). This choice renders the resulting Hamiltonian in the adiabatic representation partially time-independent and thus greatly simplifies the problem. More specifically, the Schrödinger equation in the adiabatic representation is given by
where the adiabatic Hamiltonian H adia describes the dynamics of the resonant fiber mode and is given by
where g 0 = g 2 A +g 2 B is the maximal coupling and
cav . Note that we set the effective cavity decayγ cav time-independent and equal for both cavities. With the chosen coupling functions, the Hamiltonian H adia is time-independent. In contrast, the second Hamiltonian H corr in Eq. (A2) is time-dependent and arises from the adiabatic elimination of the two offresonant fiber modes c ±1 , representing the effect of the detuned fiber modes on the success probability of state transfer. The Hamiltonian H corr is given by
In the limit γ 2 fib /4 + δ 2 g 2 0 and g 0 γ fib ,γ cav , the dynamics of the bright states can be eliminated, resulting in a slow effective decay of the dark state. Assuming δ γ fib ,γ cav , we obtain
Due to the chosen coupling functions we evaluate Eq. (A3) at the final time of t = π T /2, and hence the final population of the dark state a D is given by |a D (π T /2)| 2 . The state transfer success probability for adiabatic passage F 1 = |a D (π T /2)| 2 in the presence of cavity and fiber losses results in Eq. (9) and Eq. (39). Here, we review the derivation of the success probability of an adiabatic state transfer via a decaying state in general. Subsequently, we map the derivations to a coupled atom-fiber-atom system as assumed in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
We consider a system consisting of two ground states |A and |B and an excited state |C . The states |A and |C are coupled with a time-dependent coupling strength G A (t), and the states |B and |C are coupled with strength G B (t). The state of the whole system in the standard basis is given by
with probability amplitudes c A , c B and c C . In the adiabatic basis the state vector of the system is given by
with probability amplitudes a D , a − and a + . The adiabatic states are connected to the standard basis via
|D is a dark state with respect to the coupling G A/B , while |± are so-called bright states. We are interested in performing an adiabatic state transfer from the ground state |A to the ground state |B using the dark state |D . The success probability F of this state transfer is given by the final population of the dark state at t = t fin , i.e., F = |a D (t fin )| 2 . In the following, we introduce a decay of the excited state |C at rate Γ C . This decay is included in the derivation as described in Sec. III A 2 such that the Schrödinger equation for the probability amplitudes reads
In order to perform a state transfer by using the dark state |D , the coupling strengths G A (t) and G B (t) have to fulfil the conditions in Eq. (32) . In particular, we choose the coupling strengths to be G A (t) = G sin(t/T ), G B (t) = G cos(t/T ),
for times t ∈ [0, T π/2] with temporal length T of the coupling and amplitude G. We transform Eq. (B3) into the adiabatic basis, yielding the evolution of the amplitudes a D , a − and a + (see Ref. [90] ). In the limit G Γ C , the evolution of the amplitudes of the bright states a ± is much faster than the evolution of the dark state a D . We therefore first solve for the amplitudes of the bright states a ± and subsequently derive the amplitude of the dark state a D . The success probability F of state transfer is given by the population of the dark state
at time t fin = T π/2, the final time of the coupling sequence. In the adiabatic limit G 2 T Γ C , the success probability in Eq. (B5) reaches unity and a perfect state transfer can be achieved. Note that this derivation can directly be mapped to an adiabatic state transfer in atoms (STIRAP) [53] .
In Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] , the Hamiltonian in Eq. (19) has been truncated, which results in a description in which all fiber modes except the resonant mode c 0 are neglected. This case can be mapped to the situation described above, where the ground states |A and |B represent the qubit states in cavities A and B. The excited state |C corresponds to the state of the fiber mode c 0 with associated decay rate Γ C = γ fib . The time-dependent coupling strengths G A/B (t) translate into the effective atom-tofiber coupling strengthsg A/B (t) as depicted in Fig. 2b and defined in Sec. IV B. This mapping, using the truncated Hamiltonian, in which only a single fiber mode (sfm) is considered, results in the success probability
where g 0 is the maximal atom-to-fiber coupling strength. By choosing a large pulse area g 2 0 T γ fib , the success probability in Eq. (B6) reaches unity. In this limit, it seems that a perfect state transfer via a decaying fiber is possible. However, as we show in Sec. IV, the naive truncation of the Hamiltonian as done in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] is not valid, cf. Appendix A.
In this appendix, we discuss the choice of basis states for the electric field modes in the coupled cavity-fibercavity setting. In the main text, we use independent field modes for the two outer cavities a, b and for the fiber c n that are linearly coupled as described by Eq. (14) . In the following we relate this approach (which is generally valid in the case of high finesse cavities and for time scales that are long compared to the round-trip time 2τ of a photon) to an alternative description that is based on the derivation of the electromagnetic field eigenmodes in the second quantization for the whole cavity-fiber-cavity system (see Ref. [46] ).
The eigenmodesc n of the complete optical system consisting of two perfectly reflecting outer mirrors M1 and M4 and two identical partially transmitting mirrors M2 and M3 (see Fig. 1a ) can be calculated as shown in Ref. [93] for the mirrors M2 and M3, together with an additional boundary condition at the positions of the outer mirrors M1 and M4. The corresponding eigenenergiesω n of the whole system can be inferred by solving Eq. (2) in Ref. [46] , such that the Hamiltonian in Eq. (19) can be expressed as CC ncn + h.c. ,
where the coupling between atom and field modes is weighted with the cavity content CC n . The cavity content CC n quantifies the fraction of the population in mode n that populates the cavities, as defined in Eq. (5) in Ref. [46] (the fiber content of mode n is given by F C n = 1 − CC n ). The losses for the hybrid cavity-fibercavity modesc n are modeled as a weighted combination of the loss processes discussed in Sec. III A 2, such that each hybrid modec n decays with γ n = CC n γ cav + F C n γ fib .
By calculating the eigenenergiesω n and cavity contents CC n using the methods mentioned above and deriving the equations of motion as described in Sec. III A 3, the numerical results shown in the main text can be (and have been) reproduced using Eq. (D1). The eigenenergies and cavity content for the parameter set used in Fig. 7 are shown in Fig. 11 . We illustrate the basis transformation that relates the modes a, b and c n used in the main text and the hybrid modesc n for the truncated mode set (involving only three fiber modes) that is used in the analytical example discussed in Sec. IV B and Sec. V A. By diagonalizing the cavity and fiber Hamiltonians in Eq. (13) and in Eq. (14) for three fiber modes, we obtain the eigenfrequenciesω n of the hybrid cavity-fiber-cavity modes as
where g A/B is defined in Eq. (15) . Fig. 11 shows that even for the truncated mode set, these values (grey lines) are very close to the data points (red crosses and blue dots) that are obtained by numerically solving Eq. (2) in Ref. [46] or by solving the problem using transfer matrices. The height of each data point indicates the cavity content, i.e. the fraction of that mode that is populating the cavities. The grey lines indicate the positions of the eigenenergies as derived in Eq. (D3). The corresponding eigenstates of the hybrid modesc n can be written as a superposition of the original basis of cavity a and b and fiber modes c n as used in the main text 
1+
FSR fib (FSR fib +ω +2 )
where N indicates the proper normalization (not shown here). 
